Abstract. In this work, we study on the third Laplace-Beltrami operator of timelike rotational surface of (T,L)-type in three dimensional Lorentz-Minkowski space.
Introduction
Rotational surfaces have complicated geometric structures in Lorentz-Minkowski 3-space L 3 . L 3 has distinguished axes of rotation, namely, spacelike, timelike and lightlike axes.
A helicoidal surface and a rotational surface have an isometric relation by Bour's theorem is shown by Ikawa [3] . Güler classified the spacelike (and timelike) helicoidal (and rotational) surfaces with lightlike profile curve of spacelike, timelike and lightlike axes [2] in L 3 . He also investigate the properties of the (S, L) − type rotational surfaces in [1] .
In this paper, we give a study on the timelike rotational surface with lightlike profile curve of (T, L) − type in Lorentz-Minkowski 3-space. In section 2, we recall some basic notions of the Lorentzian geometry. We give the definition of the timelike rotational surface with lightlike profile in section 3. In section 4, we study on the third Laplace-Beltrami operator of timelike rotational surface of (T, L) − type in three dimensional Lorentz-Minkowski space.
Preliminaries
In this section, we will obtain a lightlike profile curve in the Lorentz-Minkowski 3-space. In the rest of this paper we shall identify a vector (a, b, c) with its transpose (a, b, c) t . The Lorentz-Minkowski 3-space L 3 is the Euclidean space E 3 provided with the inner product
where − → p , − → q ∈ L 3 . We say that a Lorentzian vector − → p is spacelike (resp. lightlike and timelike) if − → p = 0 or − → p , − → p > 0 (resp. − → p = 0; − → p , − → p = 0 and − → p , − → p < 0 ).
The norm of the vector is defined by − → p = | − → p , − → p |. Lorentzian vector product − → p × − → q of − → p and − → q is defined as follows
Now we define a non-degenerate rotational surface in L 3 . For an open interval I ⊂ R, let γ : I −→ Π be a curve in a plane Π in L 3 , and let ℓ be a straight line in Π which does not intersect the curve γ. A rotational surface in L 3 is defined as a non degenerate surface rotating a curve γ around a line ℓ (these are called the profile curve and the axis, respectively). If the axis ℓ is timelike in L 3 , then we may suppose that ℓ is the line spanned by the vector (0, 0, 1). The semi−orthogonal matrix given as follow is the subgroup of the Lorentzian group that fixes the above vectors as invariant
The matrix T can be found by solving the following equations simultaneously
A surface in L 3 is timelike surf ace if the det I = EG − F 2 < 0, where E, F, G are the coefficients of the first fundamental form. Parametrization of the profile curve γ is given by
where ζ(u), µ(u) and η(u) are differentiable functions for all u ∈ R \ {0}.
with the timelike axis which is spanned by the vector (0, 0, 1) is
A lightlike prof ile curve in L 3 is given by
. We use the lightlike profile curve γ in (2.1) in the next sections.
Timelike Rotational Surface of (T,L)-type
We give a rotational surface by types of axis and profile curve, and we write it as (axis's type, profile curve's type)−type; for example, (T, L) − type mean that the surface has a timelike axis and a lightlike profile curve. We give rotational surfaces with lightlike profile curve that are used to obtain the main theorem in this paper. If the profile curve γ is a lightlike curve, then the rotational surface is a timelike surface with timelike axis and it has (T, L)−type.
When the axis ℓ is timelike, there is a Lorentz transformation by which the axis ℓ is transformed to the (0, 0, 1) axis of L 3 . If the profile curve is γ(u) = (u 2 , u, η(u)), then timelike rotational surface can be written as
A timelike rotational surface with lightlike profile curve of (T,L)−type (see Fig. 1 ) is as follows
in the Lorentz-Minkowski 3-space, where u, v ∈ R \ {0}.
Proposition 2. If an (T,L)−type a timelike rotational surface with lightlike profile curve is as above, then its Gauss map is
, u, v ∈ R \ {0}.
(a) (b) Figure 1 Timelike rotational surface with lightlike profile curve of (T,L)−type
The Third Laplace-Beltrami
In this section, we study on the third Laplace-Beltrami operator of the timelike rotational surface with lightlike profile curve of (T,L)−type. We assume that the axis ℓ = (0, 0, 1) is a timelike vector, profile curve γ(u) = (u 2 , u, η(u)) is a lightlike curve, and η(u) = 2
2 ) be a surface of three dimensional Lorentz-Minkowski space defined in domain D. The same for the functions φ, ψ. Let n = n(u 1 , u 2 ) be the normal vector of the surface. We write
The equations of Weingarten are
where x i = ∂x ∂u i . Then the first parameter Beltrami is defined grad III (φ, ψ) = e ik i φψ k . Using following expressions
the second parameter Beltrami is defined
Using the last relation we get the expression the third Laplace-Beltrami operator of the function φ. So, we have the third fundamental form (see [4] for details) as follow
where the coefficients of the first (resp., second, and third) fundamental form of the function φ is E, F, G (resp., L, M, N, and X, Y, Z),
Next, we find the third Laplace-Beltrami operator of the timelike rotational surface. Theorem 1. The third Laplace-Beltrami operator of the timelike rotational surface with lightlike profile curve of (T,L)−type (in (3.1)) is
in the Lorentz-Minkowski 3-space, such that
+(−44u 6 + 64u 4 + 90u 2 + 6) cos(7v)
in Lorentz-Minkowski 3-space, where 
and u, v ∈ R \ {0}.
Proof. We consider the rotational surface (3.1). Components of the first fundamental form of the rotational surface are
and the second are Hence, we get
